
This a lgor i thm to solve the i nve r s e  p rob lem is  s i m p l e r  than that  proposed in [7] which uses  the t h e r m a l  
potential .  Ext rac t ion  of the m o s t  awkward opera t ions  fo r  de te rmin ing  the heat f luxes through the boundary of 
the ini t ial  domain {the t rue  q2 and effect ive  Q1) f r o m  i t e ra t ive ly  finding the boundary location is achieved t h e r e -  
in. Not used the re in  is the l i nea r - f r ac t i ona l  t r an s fo rma t ion  of the var iab le  s ize  of the domain into a con-  
s tan t ,  which r e su l t s  in nonuniformity of the mesh .  

However ,  the method proposed  r e l i e s  on an in tegra l  f o rm of the solution of the heat-conduct ion equation 
(with G r e e n ' s  functions) and cannot be ca r r i ed  over  to the nonl inear  case .  In the not~linear case  [X = )~{t), cp = 
c(t)p (t)] the a lgor i thm proposed by Alifanov in l a t e r  pape r s  [8] should be used.  

N O T A T I O N  

t(x,  T), t rue  t e m p e r a t u r e  at the point x of the plate at the t ime  r;  t (x  i, v),  t e m p e r a t u r e  m e a s u r e d  at the 
point x i (i = 1, 2) at the t ime  ~; X, c,  p,  t h e r m a l  conductivity,  spec i f ic  heat ,  and densi ty of the plate ma te r i a l ;  
l ,  plate th ickness ;  xl ,  x2, i n t e r io r  points of the plate;  qi(T), heat flux densi ty  through the plate sur face ;  G(x, 
~, r ,  ~}, G r e e n ' s  function; Tm,  melt ing point; r m ,  t ime  of the beginning of plate melt ing;  L,  specif ic  heat of 
melt ing;  s(7), law of motion of the mel ted plate sur face ;  q l f ,  Q l f ,  dens i t ies  of the "f ic t i t ious"  and "effect ive"  
f luxes (auxiliary quantit ies);  AT, d i f ference  mesh  s p a c i n g ; N ,  ~pacing number .  
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D I R E C T  A N D  I N V E R S E  H E A T - C O N D U C T I O N  

P R O B L E M S  IN A M O R E  C O M P L E T E  F O R M U L A T I O N  

N.  V .  S h u m a k o v  a n d  A .  A .  R o s t o v t s e v a  UDC 536.2 

Di rec t  and inve r se  heat-conduct ion p rob l ems  a r e  fo rmula ted  and solved for  the a s y m m e t r i c  
cooling of an infinite plate with nonuniformly d is t r ibuted  and asynchronously  act ing sources  
in the case  of an inhomogeneous init ial  d is t r ibut ion.  

In e l ec t r i c a l  engineer ing,  it is impor tan t  to ensure  that  powerful  e l ec t r i ca l  mo to r s  and g e n e r a t o r s  will 
conform to the specif ied t h e r m a l  operat ing condit ions.  In e l ec t ron ic s ,  the const ruct ion and use  of s e m i -  
conductor  devices  ranging f rom powerful  diodes to m i c r o c i r c u i t s  a l so  involves the opt imizat ion of t e m p e r a t u r e  
conditions of operat ion.  

F r o m  a t he rmophys i ca l  point of view,  this p rob lem r equ i r e s  the development  of expe r imen ta l  and t h eo re t -  
ical  methods of invest igat ing the t e m p e r a t u r e  in the cooling of a solid with in te rna l  s o u r c e s .  In e l ec t r i ca l  
machines  the appea rance  of heat sou rces  is due to Jou le -hea t  l o s s e s ,  r emagne t iza t ion  and eddy cu r r en t s  in 
magnet ic  and conducting pa r t s  of the machine ,  f r ic t ion in the rota t ing p a r t s ,  and lo s ses  in the c i rcula t ion of the 
coolant gas .  In s emiconduc to r s ,  heat l iberat ion is  due to Joule l o s ses  and the Pe l t i e r  effect .  Despi te  t he i r  
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TABLE 1. Inhomogeneity of Tempera ture  Field (Infinite Plate), @ = 

t s / t  V = f { B i ,  Fo) 

F ~  1o - 4  IO - 8  1o - s  lO_1 1 1o 1o 2 

I0 
1 

1 0 - t  
10-2  
1 0 - s  
10-' 

0 ,89  
0 ,99  
1,0 

0,72 
0,96 
0,99 

0.42 
0,89 
0,99 

0,28 
0,73 
0,97 

0 ,12  
0.63 
0,75 

1 
l 

1 
l 
1 
1 
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qualitative d i f ferences ,  sources  in machines and in semiconductors  have in common that their  effect de-  
pends on the coordinate and on t ime.  

This problem will be considered in the context of e lec t ronics .  It may be divided into two par ts :  1) 
the problem of calculating the t empera tu re  field of a semiconductor  device; 2) the problem of experimental  
investigation of the the rma l  conditions in the device.  

The calculation of the t empera tu re  field must  be formulated as a di rect  heat-conduction problem,  
taking into account the internal  heat sources  and the inhomogeneous initial distribution. The problem is 
par t icu lar ly  nonlinear since semiconductor  mater ia l s  have strongly tempera ture-dependent  physical  pa r am-  
e ters .  Examination of the t empera tu re  dependence of the heat conduction for  germanium and silicon [1] 
leads to a prac t ica l ly  useful conclusion: It is eas ie r  to ensure stable operation of semiconductor  devices 
at t empera tu res  above room tempera tu re  than at lower t empera tu res ;  the stability should be higher in g e r -  
manium than in si l icon. 

The basis for  a pr ior i  specification of boundary conditions is usually inadequate. Their  formulation 
requi res  a g rea t  deal of experimental  work on the t ime dependence. 

Consider the format ion of a nonsteady tempera tu re  field in a solid. Table 1 gives values of ~ = t s / t  V 
(t S and t V a re  the mean- in tegra l  t empera tu res  over  the surface  and the volume, respectively) as a function 

o f  Bi = aR/X and Fo = a~-/R 2. The values correspond to an infinite plate of thickness 2R. Bi is determined 
as the rat io of the internal  (R/X) and external  ( l / a )  heat resis, tances.  If the l inear  dimension of the s emi -  
conductor device is R = 0.1-10 cm, the minimum value of Bi is 10 -4 (cooling in still  a i r  --  natural  convec-  
tion). For  forced convection in a i r  Bi = 10-3-10 -1. By using other means of cooling Bi may be ra ised  to 
10. Heat calculations involving the solution of the heat-conduction equation a re  usually made for  t imes  
such that Fo >_ 10 -4 (for finite dimensions).  It is evident f rom Table 1 that when Bi >_ 0.1 the t empera tu re  
field is significantly inhomogeneous.  For  bodies with Bi < 0.1 the t empera tu re  f i e ld i s  stffficiently homo- 
geneous when Fo > 1. The homogeneity of the field at lower values of Fo remains  an open question: The 
l i te ra ture  has no information on detailed investigations and the existing nomograms for  t empera ture - f ie ld  
calculat ions [2-4] do not cover  this region (the lower left-hand corner  of Table 1). 

It is  evident that for  very  smal l  t imes  the inhomogeneity of the field is a lso important  at small  Bi, 
'especial ly for  bodies with internal  heat l iberation.  However,  it remains  open to question whether the field 
can be descr ibed by means of the se r ies  used at present  in solutions of the heat-conduction equation, while 
it is  the region of low Fo that is of par t icu lar  in te res t  for  mic roe lec t ron ics .  Calculation of the t empe r -  
ature field according to Table 1 (taking into account the proper t ies  of the mater ia ls)  is possible for  heat-  
l iberation pulses of duration Av >_ 10 -s sec in smal l  ins t ruments  (R -~ 1 ram) but only for  AT > 0.1 sec in 
l a rge r  bodies (R -~ 10 cm). For  fas t -ac t ing  c i rcui t s ,  inhomogeneity cannot be taken into account without 
additional investigations.  On the other hand, since the s t r ~ 1 7 6  
e te rs  of the mater ia l s  employed affects the rel iabil i ty of operation of the device,  it is necessa ry  to ac -  
knowledge that the quasisteady approach [5] using the e lec t ro thermal  analogy scarce ly  ref lects  a t rue  pic-  

ture  of the situation. 

Using the resul ts  outlined above and taking into account that the physical  proper t ies  of semiconductors  
depend on the coordinate and the t empera tu re ,  it is c lear  that the calculation of t empera tu re  fields in s emi -  
conductor devices is complicated by the need to solve the nonlinear heat-conduction problem in the presence  
of d i sc re te  and distr ibuted sources  in inhomogeneous bodies. The solution is of par t icu lar  in teres t  for  finite 
bodies in a range severa l  o rde r s  of magnitude less  than Fo = 10 -3. 
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Now cons ider  the t e m p e r a t u r e  field of a semiconduc to r  device in a one-d imens iona l  approximat ion .  
The device may  be r ep re sen t ed  in the f o r m  of an infinite plate  with a s y m m e t r i c  cooling ql(z) ~ q2{r). The 
plate contains heat sources  of var ious  outputs.  Separat ing these  into uniformly dis t r ibuted synchronously  
acting sou rces  mSth output pe r  unit volume w0(r) and z independently acting d i sc re t e  s o u r c e s ,  with output 
pe r  unit volume wi (x, T) (1 -- i _ Z) and a hea t - l ibe ra t ion  region of width 5i cen te red  on the point x i .  At 
this s tage ,  it is  a s sumed  that  the m a t e r i a l  of the body is  homogeneous and i so t ropic  and that  i ts  phys ica l  
p r o p e r t i e s  a r e  independent of t e m p e r a t u r e .  The solution of this l inear  p rob lem may subsequently be used 
to find the a lgor i thm for  the nonl inear  p rob lem 

Ot(x, r) OZt (x, x) 1 
"- a w(x, ~c); (1) 

Ox O,:z C9 

- t < oo; (2) O<~x~R, O-~r 

O ) = A J - B (  x + C  ; (3) t(x, 
% 

or(o,  r) _ 1 q~('O, a t ( R ,  ~) =__Lq2(~); 
(4)  

ax k Ox k 

z 

w (x, "~) = wo (-c) -i- %~ w~ (x, "r); 
i-=l / ( ~ 

vh (x, ~) = , 

]0, xr (x~ + 6, 
( - - 2 -  

(5) 

(6) 

The p rob lem is solved 13}, the method of s u c c e s m v e  in t e rva l s ,  using the resu l t s  of [6] and the supevposi t ion 
pr inc ip le .  The solution may  be wri t ten in the following f o r m  

n--I 
t(y, no)) = t(y, O) ~-o~ -X- wo,h~l--(B -i- 2C)F[I - - y ,  n~l 

h==O 

n--l 
-- BF [y, no~] -- 2Cno) ~, [ 

k = O  

ql,h+l hF [1--  y, (n - -  k) oq 

n--I } ~2 ~ n--I 
" EQ2 ,h+I  AF [Y, ( ~ -  k ) ( D ] .  -~ E Wi.h+lh~ [Y, (?7~ - -  ~) fl)], 

h=0 i=:l k=O 
(7) 

where  

x aAx x x~ 
y=---, ~-- , n- , Yl:-- , 

R R z AT R 

for  l a rge  t imes  (Fo > 0.1) 

1 y2 ~ I 
F[y, n0~l=no-t- - 3 - - - Y +  2 --2 = ~2-c~ exp(--Ix~n~), 

AF[y, ( n - -k ) e ]  = F i g ,  (n - -k )o3] - -F[y ,  (n- -k- -1)o~1,  

AGV[y, (n - -  k) ~0l= 6~ E 1 + 4 --=y- cos (~tmyi) cos (~t,~) 
~ttl " m=l 

the coeff ic ients  of the expansions q l ,k+l ,  q2,k+l, W0,k+l, Wi,k+l being de te rmined  f rom the fo rmula  

(8) 

(9) 
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t / k +  1 - -  

( k + l ) A ' t  

1 ~ u(t) dt. 
AT 

kl'c~ 

I f  the  h e a t - l i b e r a t i o n  r e g i o n  is n a r r o w  (5i << R), the  funct ion d e s c r i b i n g  the ac t ion  of  su r f ace  s o u r c e s  is a s  
fo l lows ". 

R AGs  Iy, (n - -  k) o~I = o) + 2 
Z l 

.-:V cos ( ~ y )  cos ([zmy~) 
rt$=l 

• {exp I - -  ~r (n - -  k - -  l) co I - -  exp l - -  P,~ (n - -  k) r rio) 

and the t e r m  Wi,k+ 1 in  Eq .  {7) has the  d imens ions  W / m  2 and is the output pe r  unit  s u r f a c e .  

F o r  s m a l l t i m e  (Fo < 0.1) the funct ions F(y ,  nw) and AGV[y, (n-- k)w], AGiS[y, (n-- k )wl take  the f o r m  

{,o,,r r y 1 +  o,,c [ b,-2m-!-2 ] }, (11) 
m=, [ 2 lr~ J 2 V - ~  , 

. . . . .  2 I f (n  - -  k) co 

2 V(n - -  k) ~ iZerfc 2 l / -~ - -  k) o) 

- - / , f i e [  Y-k-Yt+Yi+2m2v~(n--k) ] } - -  2o) (n - -  k - - 1 )  

-• Y - - Y t - - ~ ' t + 2 m  ] _  
2 V'co (n - -  k - -  I----) ] i2erfc [ .u-- Y~ + V, -i-2m ] 

2 ] / ( o ( n - -  k - - l )  

[Y+Yi - - ~ ' i + 2 m  
.+ i2erfc 

2 Vo)(n-  k--  1) 
] _ t..Zerfc [ y .- y~ + "~, .!- 2m ] } 6, 

2 |/-~(n - -  k --1) ; W .... 2-R- 
; (12) 

RAC~/[y, (n - -  k) r = V r (n - -  k) Z {ie,rcl y-v,+2m [v+y,?:2m L ]+ ierfcL2v 25 ]} 

,n=-| 2 V~((n - -  k - -  l) 2 ] / ~ n  - -  k - -  l) 

Usua l ly ,  to  d e t e r m i n e  the  condi t ions  at  the boundary  between the sol id  and the coolant  m e d i u m ,  a s p e -  
c ia l  e x p e r i m e n t  is  c a r r i e d  out to  find the ve loc i ty  and t e m p e r a t u r e  of the  coolant  g a s ,  the h e a t - t r a n s f e r  c o -  
eff ic ient  being found fo r  s t eady  p r o c e s s e s  By us ing  i n v e r s e  p r o b l e m s  to  d e t e r m i n e  the ~ime va r i a t i on  of  
the  boundary  condi t ions  fo r  nons teady  heat  t r a n s f e r  i t  is  poss ib le  t o  e s t ab l i sh  both the nons teady  behav io r  
due to  the t e m p e r a t u r e  va r i a t i ons  of the  body i t se l f  and tha t  due to  va r i a t i on  in the s ta te  of the  coolant  g a s .  
In o ther  w o r d s ,  it is  poss ib l e  to  i nves t iga t e  the  heat  t r a n s f e r  in both s teady  and t r a n s i e n t  condi t ions  of m o -  
t ion of the  m e d i u m .  

In the  g e n e r a l  c a s e  the  i n v e r s e  p r o p e r t i e s  f o rmu la t ed  on the bas i s  of  Eq.  (7) has (3z + 3) unkno~as ;  
ql ,  q2, w0, wi, xi, 5i- Wri t ing  Eq .  ( 7 ) f o r  (3z + 3) p o i n t s l e a d s t o a s y s t e m o f  equat ions  which,  in p r inc ip l e ,  
m a y  be so lved .  The so lu t ion  has been obtained fo r  z = 1 (as i t  is  c u m b e r s o m e ,  it is  not  g iven he re ) .  If  al l  
(3z + 3) va lues  a r e  to  be d e t e r m i n e d ,  n u m e r i c a l . s o l u t i o n  is n e c e s s a r y ;  if  xi and 5i a r e  known, the r ema in ing  
(z + 3) va lues  m a y  be d e t e r m i n e d  ana ly t i ca l ly .  

T h e r e  is wide scope  f o r  the use  of the i n v e r s e  p r o b l e m  in s tudy ing  the opera t ion  of e l e c t r i c a l  m a c h i n e s :  
T h e i r  s i z e  and shape  is  such  as  to  a c c o m m o d a t e ,  in  p r inc ip le ,  the r e q u i r e d  n u m b e r  of p ickups ,  which should 
be no l e s s  than the  n u m b e r  of unknowns in the p r o b l e m .  

C u r r e n t  t echn iques  of t e m p e r a t u r e  m e a s u r e m e n t  and s e m i c o n d u c t o r  cons t ruc t ion  i m p o s e  def ini te  and 
i m p o r t a n t  r e s t r i c t i o n s  on e xpe r i m e n t a l  work .  Since in rea l i ty  only the end s u r f a c e s  a r e  a c c e s s i b l e  f o r  
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measuremen t s ,  it is found that the number  of unknowns in the problem exceeds the number  of points for  t e m -  
pera ture  measuremen t  even for the s implest  case z = 1. This case  applies to  the diode. ".- 

To reduce the number  of unknowns, the experiment  may be set  up in such a way that ql(r) = q2(r) -~ 0. 
Fur the r ,  for  a sufficiently thick c rys ta l  (~ 1 mm),  it is possible to d i s rega rd  the thickness of the lmat- l ibera-  
tion region 6 i and to regard  the d iscre te  source  as plane. The remaining three unknowns -- the output per  
unit volume of the distr ibuted sources  w 0 (r), the output per  unit volume of the d iscre te  source  w i (T), and i ts  
position x i --  may be determined by recording the su r f ace - t empera tu re  variat ion of the c rys ta l  with t ime and 
the variat ion with t ime of the total  losses  in the c rys ta l .  /[ number  of experimental  procedures  are  possible.  
The next problem is to determine the thickness 5 i of the region in which the heat s o u r c e  ac ts .  Another pos-  
sibility to be investigated is the use of the method outlined in combination with the use of heat-sensi t ive  pa ra -  
me te r s  [7] requi res  fur ther  analysis .  

The method of success ive  intervals  may also be used to obtain an approximate th ree-d imens iona l  p ic-  
ture .  This involves the use of a diode with a cel lular  base.  The c rys ta l  may then be considered as a col lec-  
tion of independent cur rent  tubes,  and the t empera tu re  var ia t ion at severa l  points of the c rys t a l  end surfaces  
may be determined experimental ly .  The use of the inverse  problem allows the  t r ansve r se  distr ibution of the 
output per  unit volume of the d i sc re te  sources  in the c rys ta l  to be approximately determined.  
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S O L U T I O N  OF C O N J U G A T E  P R O B L E M  IN S U C C E S S I V E  I N T E R V A L S  

L .  D.  K a l i n n i k o v  a n d  N.  V.  S h u m a k o v  UDC 536.24 

The conjugate problem is solved for  nonsteady heat t r ans f e r  through a plane wall with con-  
vective heat t r ans f e r  at the edges.  

On the basis of experimental  data on the s tar tup conditions of heat t r ans f e r  [1, 2], the energy equation 
for the the rmal  boundary layer  and the heat-conduction equation for  the wall a re  solved jointly. Having obtained 
the solution, the variat ion with t ime in the t empera tu re  of the hea t - t r ans fe r  surfaces  and the heat flows in the 
course  of nonsteady heat t r ans fe r  may be determined for  given pa rame te r s .  

In formulat ing the problem it is  assumed that the flow of liquid is stable,  the flow rate  is given, and its 
mean velocity over  the c ros s  sect ion is known. The liquid-flow tempera tu re  is assumed to be constant and 
equal to the liquid t empera tu re  at the inlet to the hea t - t r ans fe r  section.  The liquid is incompress ib le  with 
constant thermophys ica l  p roper t ies .  Energy dissipation due to viscosi ty  and heat conduction of the wall m a t e '  
r i a l in the longi tud ina l  direct ion of liquid flow is neglected. The mean hea t - t r ans fe r  coefficient is r e fe r red  to 
the difference between the t empera tu re  of the hea t - t r ans fe r  surface of the wall and the liquid tempera ture .  
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